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THE MILNOR INVARIANTS OF CLOVER LINKS 


KODAI WADA AND AKIRA YASUHARA 


Abstract. J.P. Levine introduced a clover link to investigate the indetermi¬ 
nacy of the Milnor invariants of a link. It is shown that for a clover link, the 
Milnor numbers of length at most 2k + 1 are well-defined if those of length 
at most k vanish, and that the Milnor numbers of length at least 2k 2 are 
not well-defined if those of length fc -|- 1 survive. For a clover link c with 
the Milnor numbers of length at most k vanishing, we show that the Milnor 
number fic(I) for a sequence I is well-defined up to the greatest common de¬ 
visor of where J is a subsequence of I obtained by removing at least 

k 1 indices. Moreover, if 7 is a non-repeated sequence with length 2k -h 2, 
the possible range of fMc(I) is given explicitly. As an application, we give an 
edge-homotopy classification of 4-clover links. 

1. Introduction 

The Milnor invariant introduced by J. Milnor H, IS]. For an oriented ordered 
n-component link L in the 3-sphere with peripheral information, the Milnor 
number which is an integer, is specified by a finite sequence / in {1, 2,..., n}. 

The Milnor /I-invariant is the residue class of modulo the greatest 

common devisor of ^l(>/)’s, where J is obtained from proper subsequence of / 
by permuting cyclicly. The length of the sequence / is called the length of Tll{I) 
and denoted by |/|. His original definition of the Milnor invariant eliminates the 
indeterminacy of the possible variations of the Milnor numbers caused by different 
choices of peripheral elements. 

In [Q, J. P. Levine examined the Milnor invariants from the point of view of 
based links, in order to understand the indeterminacy. A based link is a link for 
which some peripheral information is specified, i.e., meridians (the weakest) or 
both meridians and longitudes (the strongest). It is known that these invariants 
are completely well-defined for the strongest form of basing (disk links [S] or string 
links 0 )- As basing only slightly stronger than the specification of meridians, he 
introduced an n-elover link which is an embedded graph consisting of n loops, each 
loop connected to a vertex by an edge in S^. The Milnor number of a clover link is 
defined up to flatly isotopy and it is shown that those of length < k vanish implies 
those of length < 2fc -|- 1 are completely non-indeterminate [5] . 

The first author nni redefined the Milnor number of a clover link up to ambient 
isotopy as follows. Given an n-clover link c, we construct an n-component bottom 
tangle '){Fc) by using a disk/band surface of c. In [6], Levine defined the Milnor 
number of a bottom tangle. Therefore we define the Milnor number /ic of an n- 
clover link c to be the Milnor number (In [B], a bottom tangle is called a 

string link. The name ‘bottom tangle’ follows K. Habiro [5].) In uni, it is shown 
that the same result as Levine [B] holds while there are infinitely many choices of 
7 (Fc) for c. 
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Unfortunately, the Milnor numbers of length at least 2k+ 2 are not well-defined if 
those of length k + 1 survive. In this paper, we show that the Milnor number ndl) 
of a sequence I modulo 6^{I) is well-defined if the Milnor numbers of length < k 
vanish, where <5^ (d) is the greatest common devisor of fidJYs, where J is range to 
over all subsequences of I obtained by removing at least k + 1 indices. In fact, we 
have the following theorem. 


Theorem 1.1. Let c be an n-clover link and d a link which is the disjoint union of 
loops of c. If the Milnor numbers of Ic for sequences with length < k vanish, then 
the residue class of fj,c{I) modulo S^{I) is an invariant for any sequence I. 

Remark 1.2. In contrast to the Jl-invariant for a link in S^, we do not need to 
take cyclic permutation for getting S'fd). 


It is an important property that for non-repeated sequences, the Milnor invari¬ 
ants of links are link-homotopy invariants [7] . The first author showed that the Mil¬ 
nor numbers for any non-repeated sequence with length < 3 give an edge-homotopy 
classification of 3-clover links m, where edge-homotopy [5] is an equivalence re¬ 
lation, which is a generalization of link-homotopy, generated by crossing changes 
on the same spatial edge. We also discuss giving an edge-homotopy classification 
of 4-clover links. The Milnor numbers for non-repeated sequences with length 4 
could be useful to have an edge-homotopy classification of 4-clover links. But they 
are not well-defined in general. Hence we consider the set of all Milnor numbers of 
length 4 for all disk/band surfaces of c. More generally, we define the following set; 


Hd2k + 2,j)={ 


^ ^ )^S 


sesf 


Fc : a disk/band surface of c 


for each integer j {1 < j < n), where is the set of length-(2A: -1- 1) non- 

repeated sequences without containing j and for a sequence S = iii 2 ■ ■ ■i 2 k+i, 
Xs = ■ ^Z 2 fc+i is a monomial in non-commutative variables Xi,...,X„. 

Since Hc{2k + 2,j) consists of the Milnor numbers G for all 

disk/band surfaces of c, it is an invariant of c. While it seems too big to handle 
Hc{2k + 2,j), we have the following theorem. 


Theorem 1.3. Let c be an n-clover link and Fc a disk/band surface of c. If the 
Milnor numbers of Ic for non-repeated sequences with length < k vanish, then we 
have the following: 

Hc{2k + 2,j) = 


X] j)L-i(Fc)d^) I X] - Xiji - Xni„ + XiudXj„ 


|j|=|j|=fc 


V^elJ} 


-I- mij{Xiij - Xiij - Xjii + Xjii) j -I- ^ fj.^(^Fc)i^j)Xs 


ITlpq — niqp G ^ 


where for a sequence J = ii .. Am, {>7} = {*i, ■ • ■ ,*m} and J^s {resp. Js<) is a 
subsequence ii ... is-i {resp. is+i ■ ■ ■ im) of J for 1 < s < m, and Xj^-^ and Xj^^ 
are defined to be 1. 


This theorem implies that the set IIc{2k + 2, j) is obtained from the Milnor numbers 
of 7 (Fc) for any single disk/band surface Fc of c, that is, IIc{2k -\- 2,j) is specified 
explicitly. 
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By the following corollary we have that Hc{2k + 2,j) is not only an invariant of 
c but also an edge-homotopy invariant. 

Corollary 1.4. For a clover link c, if the Milnor numbers of Ic for non-repeated 
sequences with length < k vanish, then Hc{2k + 2, j) is an edge-homotopy invariant 
of c. 

It is the definition that the Milnor numbers of length 1 are zero. If fc = 1, then 
the theorem above holds without the condition. The following example follows 
directly from Theorem ll.31 


Example 1.5. For a A-clover link c and a disk/band surface Fc of c, we have 
i^c(4,4) = 


/X-),(F„)(14)^.y(F„)(23)(TOi3 - 77134 - 77112 + ^24) 

-\-pi^(^p^){12)pi^(^p^){3A){m2i - TO23 - rni4 + mis) 


X 


123 


+ 


+ 


+ 


+ 


/7^(F„)(14)^.y(F„)(23)(TO34 - 77113 “ "l24 + ^ 12 ) 
+/7..),(F„)(13)^.),(F„)(24)(77l34 - 77123 “ ^14 + ITI 12 ) 

(24)(77123 - m34 - 77112 + mu) 
+/i..y(F„)(12)^..y(F„)(34)(77l23 - 77124 “ TOl3 + mu) 

^.^(F^)(14)^.^(F„)(23)(77l34 - 77113 - m24 + 77ll2) 

+/i..y(F„)( 13 )^.y(F„)( 24 )( 77 i 34 - 77123 - mu + mu) 

^.^(F„)(13)^..y(F„)(24)(77l23 - 77134 - 77112 + 77114) 
+/i..y(F„)(12)^..y(F„)(34)(77i23 - 77124 - mis + mu) 

^.^(F„)(14)/l.y(F„)(23)(77ll3 - 77134 - 77112 + ILI24) 
+/l-y(F„)(12)^.y(F„)(34)(77l24 - 77123 - ^14 + mis) 


X 


132 


X 


213 


X‘ 


231 


X; 


312 


X: 


321 


+ X! M7(f’c)('S'4)Xs 
ses^ 


e z 


This together with the theorem below gives us an edge-homotopy classification 
of 4-clover links, see Remark 1 1.71 

Theorem 1.6. Let c and c' be A-clover links. They are edge-homotopic if and only 
i/i7c(4,4) n i7c'(4i4) 7 ^ 0 and p,c{I) = ptc'{I) for any non-repeated sequence I with 
|4|<3. 

Remark 1.7. By Examvle W.bi we are able to determine ir/iet/ier ilc(4,4)nilc'(4,4) 
is empty or not. Hence by combining Examvle \l.b\ and Theorem \l.G\ we obtain an 
edge-homotopy classification of A-clover links. 


2. The Milnor numbers of clover links 
In this section we define the Milnor numbers for clover links. 

2.1. A construction of bottom tangles. An 77 -component tangle is a properly 
embedded disjoint union of n arcs in the 3-cube [0,1]^. An Ti-component bot¬ 
tom tangle 7 = 71 U 72 U • ■ • U 7 „ defined by Levine [B] is a tangle with d^i = 

{(^TT> ( 217 ^’ 1,2,.. ., 77 ). 

A spatial graph is an embedded graph in S^. Let C„ be a graph consisting of 
77 oriented loops ei, 62 ,..., e„, each loop Ci connected to a vertex v by an edge 
fi {i = 1,2,..., 77 ) , see Figure I^Tl An n-clover link in is a spatial graph of 
The each part of a clover link corresponding to Ci , fi and v of C„ are called 
the leaf stem and root, denoted by the same notations respectively. 
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Figure 2.1. the graph C„ 

L. Kauffman, J. Simon, K. Wolcott and P. Zhao [3] defined disk/band surfaces 
of spatial graphs. For a spatial graph F, a disk/band surface Fr of F is a compact, 
oriented surface in such that F is a deformation retract of Fr contained in 
the interior of Fp. Note that any disk/band surface of a spatial graph is ambient 
isotopic to a surface constructed by putting a disk at each vertex of the spatial 
graph, connecting the disks with bands along the spatial edges. We remark that 
for a spatial graph, there are infinitely many disk/band surfaces up to ambient 
isotopy. 

Given an n-clover link, we construct an n-component bottom tangle using a 
disk/band surface of the clover link as follows: 

(1) For an n-clover link c, let Fc be a disk/band surface of c and let F> be a disk 
which contains the root. From now on, we may assume that the intersection 

n 

D n\^ fi and orientations of the disks are as illustrated in Figured^ 

i=l 




Figure 2.2. 


(2) Let N{D) be the regular neighborhood of D and N{D) the interior oiN{D). 
Since \ N{D) is homeomorphic to the 3-ball, Fc \ N{D) can be seen as 
a disjoint union of surfaces in the 3-ball. Hence dFc \ N{D) is a disjoint 

n 

union of n-arcs and n-circles u S] in the 3-ball. 

2—1 

(3) Since the 3-ball is homeomorphic to [0,1]^, we obtain an oriented ordered 

n 

n-component bottom tangle ^{Fc) from {dFc\N{D)) \ (J Sl as illustrated 

2—1 

in (3) and (4) of Figure 1^31 We call "f{Fc) an n-component bottom tangle 
obtained from Fc- 



THE MILNOR INVARIANTS OF CLOVER LINKS 


5 


2 



Figure 2.3. A method for obtaining a bottom tangle from a disk- 
band surface of a clover link 


While there are infinitely many disk/band surfaces of a clover link which satisfy 
the condition (1) above, they are related by certain local moves as follows. 

Lemma 2.1. [101 Proposition 2.5] For an n-clover link c, any two disk/band sur¬ 
faces Fc and F'^ are transformed into each other by adding full-twists to bands 
( Fiaure \2A\ fall and a single move illustrated in Figure Ibl. 



Figure 2.4. Two local moves of disk/band surfaces 
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2.2. Milnor invariants. Let us briefly recall from [5] the definition of the Milnor 
number of a bottom tangle. Let 7 = 71 U 72 U • • • U 7 „ be an oriented ordered n- 
component bottom tangle in [ 0 , 1 ]^ with dji = 0 ), (^ 0 )} 1 ]^ 

for each i (= 1, 2,..., n). Let G be the fundamental group of [0,1]^ \ 7 with a base 
point p = (i, 0, 0) and Gq the gth lower central subgroup of G. Let ai and Ai be 
the ith meridian and ith longitude of 7 respectively as illustrated in Figures 12.51 
We assume that Ai is trivial in GjGi- Since the quotient group GjGq is generated 
by ai,a 2 ,..., cin m, 7 is represented by ai, q; 2 , ..., modulo Gq. 




Figure 2.5. meridians and longitudes 

We consider the Magnus expansion of \j. The Magnus expansion is a homomor¬ 
phism (denoted E) from a free group (ai,Q; 2 , ■ ■ ■ lO-n) to the formal power series 
ring in non-commutative variables Xi,X 2 ^ ■ ■ ■ ,Xn with integer coefficients defined 
as follows. E{ai) = 1 + Xi, E{a-^) = 1 - Xi + Xf - Xf + ■ ■ ■ {i = 1,2,... ,n). 

For a sequence I = 1112 ■ ■ - ik-ij {im S {1, 2,..., n}, fc < q), we define the 
Milnor number pLj{I) to be the coefficient of in E{Xj) (we define = 

0), which is an invariant [5]. (In [B], the set of A^’s, without taking the Magnus 
expansion, is called the Milnor’s Jl-invariant.) For a bottom tangle 7 = 71 U 72 U 
• • • U 7 „, an oriented link L{j) = Li U L 2 U • • • U in can be defined by 
Li = 7 i Uoi, where is a line segment connecting (|^^, 0 ) and ( 5 ^^, 5 , 0 ), see 

FigureWe call L(^) the closure of 7 . On the other hand, for any oriented link 



Figure 2.6. 

L in S^, there is a bottom tangle 7 ^ such that the closure of 7 ^ is equal to L. So 
we define the Milnor number of L to be the Milnor number of 7 l. Let Al(/) be the 
greatest common devisor of pLL{jys, where J is obtained from proper subsequence 
of I by permuting cyclicly. The Milnor invariant JL]^{I) is the residue class of P,l{I) 
modulo Al(/). We note that for a sequence I, if we have Ai(/) = 0, then the 
Milnor invariant is equal to the Milnor number Now we define the 

Milnor number of a clover link. 
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Definition 2.2. Let c be an n-clover link and Fc a disk/band surface of c. Let 
'i{Fc) be the n-component bottom tangle obtained from Fc. For a sequence I, the 
Milnor number Pc{I) of c is defined to be the Milnor number 

Remark 2.3. While Pc{I) depends on a choice of Fc, the first author [lOj proved 
the following result: Let Ic be a link which is the disjoint union of leaves of c. If the 
Milnor numbers of Ic for sequences with length < k vanish, then Pc{I) is well-defined 
for any sequence I with |/| < 2A: + 1. 

3. Proof of Theorem II.II 
In this section we will give a proof of Theorem 11.11 

An n-component tangle n = mi U M 2 U • • • U is an n-component string link if for 
each i (= 1,2,... ,n), the boundary dui = ^,0), 5 ,1)} C 5[0,1]^. In 

particular, u is trivial if for each i (= 1 , 2 ,..., n), Ui = {( 2^+1 > 5 )} ^ [ 0 , 1 ] in [ 0 , 1 ]^. 

Here we introduce a SL-move [10) given by a string link u which is a trans¬ 
formation of an n-component bottom tangle 7 = 71 U 72 U • • • U 7 „ with d^i = 

{(i^^io),(^,i,o)}c5[o,i]3. 

( 1 ) Let u = ui U M 2 U • • ■ U be an oriented ordered n-component string 
link in [0,1]^. For each i (= 1,2,... ,n), we consider an arc u' which is 
parallel to the ith component Ui of u with opposite orientation and du'^ = 

see Figure Em 



Figure 3.7. 


(2) Let 7 ' = 7 ( U 72 U • • • U 7 ^ be an n-component bottom tangle in [0,1]^ 
defined by 

7- = hoK Un^ U/ii(7j) 

for i = 1, 2, ..., n, where ho, hi : ([0,1] x [0,1]) x [0,1] — ([0,1] x [0,1]) x [0,1] 
are embeddings defined by 

ho{x,f) = (x, if) and hi{x,t) = (x, ^ -|- 
for x G ([0,1] X [0,1]) and t G [0,1]. 

We say that 7 ' is obtained from j by a SL-move. For example, see Figure 13.81 
We note that if u is trivial, a SL-move is just adding full-twists or nothing. A 
SL-move is determined by a string link and a number of full-twists, that is, ‘SL’ 
stands for String Link. 


Proposition 3.1. Let 7 be an n-component bottom tangle and 7 ' a bottom tangle 
obtained from ^ by a SL-move. If the Milnor numbers of 7 and 7 ' for sequences 
with length < k vanish, then for any sequence I, 

fiy{I) = Py{I) mod S'^{I), 

where S^{I) is the greatest common devisor of ii-f{jys for a proper subsequence J 
of I which is obtained by removing at least k -\-1 indices. 
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/ \ / \ 
I I 


SL-move 


7 

Figure 3.8. An example of a SL-move 



Proof. The proof is by induction on the length |/| = q. If q < k, the proposition 
clearly holds. We note that, by the induction hypothesis, 6^{I) = 3^(1). Denote 
respectively by ai,Xi (resp. a'. A') the ith meridian and ith longitude of 7 (resp. 
7 ') for 1 < i < n. Let Ex (resp. Ey) be the Magnus expansion in non-commutative 
variables Xi,..., Xn (resp. Yi,..., Y„) obtained by replacing by 1 -f Xi (resp. 
a[ by 1 + Yi) for 1 < i < n. Fix j, by the assumption, the Milnor numbers for 7 
and 7 ' of length < k vanish, so Ex{\j) and EY{Xj) can be written respectively in 
the form 

Ex{Xj) = 1 + E,{X) and Ey{X'j) = 1 + E'{Y), 

where Fj{X)(= Fj{Xi ,..., Xn)) and F'{Y){= F'{Yi ,..., Y„)) are terms of degree > k. 
Here we define a set of polynomials; 

iy{ii...im) =0 mod (5^(ii.. .Jmj), m<q 
u(ii ... im) G Z, m > q 


A = 


{S u(ii ...i 

m )Y^, 




Y 


Then it is enough to show 


F'AY)-F,{Y)&D] 


The following claims are shown by similar to the assertions (16) and (18) in [5]. 

Claim 1. Dj is a two-sided ideal of the formal power series ring in non-commutative 
variables Yi, ... ,Yn with integer coefficients. 

Claim 2. If at least k variables are inserted anywhere in a term /i(fi *2 ■ • ■ imj)Yiii 2 ---ir, 
then the resulting term belongs to . 

Let Ui be the ith longitude of a string link which gives the SL-move, see Fig- 
ure 13.91 In the proof of [TOl Lemma 2.6], it is shown that the degree of each term in 
Eyffif^) — 1 is at least fc -I-1. Set Eyiui) = 1-1- Gi{Y) and Ey{u~^) = 1-1- Gi{Y), 
where Gi{Y) and Gi{Y) mean the terms of degree > k -\- 1. Since at = 

(where at is assumed to be an element of 7ri([0,1]^ \ 7 ')), we have 

Eyicti) = Eyffif^affii) 

= (l + Q(Y))(l + r,)(l + G,(r))_ 

= (1 + G,(Y))(1 + G,(_Y)) + (1 +_G,(r))Y,(l + G,(Y)) 

= 1 + Y. + Y,G,(Y) + G,(Y)Y, + G,(Y)Y,G,(Y). 

Hence i?v(Aj) is obtained from Ex{Xj) by substituting Xi for 

Y, + Y,G,(Y) + Q(Y)Y, +^(Y)Y,G,(Y). 

Set EylXj) = l-\-Hj{Y), where Hj{Y) is the terms of degree > k. Note that terms 
of degree < 2k of Hj(Y) — Fj(Y) vanish, and that any term of Hj(Y) — Fj(Y) of 
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Al 


A. 


Ai 




Figure 3.9. 


degree > 2/c + 1 is obtained from Fj{Y) by inserting at least fc + 1 variables. By 
Claim [21 

H,{Y) - F,{Y) e O']. 

Since A' = (where \j is assumed to be an element of 7 ri([ 0 ,1]^ \ 7 ')), 

= EyiUjXjUj^) _ 

= il + G,iY)){l + H,^))il + G,(Y)) _ 

= 1 + H,{Y)+ H, {Y)G, {Y) + G, {Y)H, (Y) + G, {Y)H, {Y)G, (F). 

It follows from Claims |T] and |2] that we have 

f;(F) - H,{Y) = H,{Y)G-{Y) + G,{Y)H,{Y) + G,{Y)H,{Y)^,{Y) G 

Since F[j{Y) — Fj(Y) G O’-, by Claim[Tl we have 

F;{Y)-F,iY)eD';. 

This completes the proof. □ 

Proof of Theorem \l.l[ By Lemma BTTl any two disk/band surfaces Fc and F^ of an 
n-component clover link c are transformed into each other by the moves (a) and (b) 
illustrated in Figure So two bottom tangles 'y{Fc) and 7 (F^) are transformed 
into each other by a SL-move. Since the both closures L{'-f{Fc)) and L{j{Ff)) are 
ambient isotopic to 4, by the hypothesis of Theorem ll.il 

0 = ~ M7(Fc)('^) = 

for any sequence J with | J| < fc. Hence by Proposition 13.11 

mod 

for any sequence /. This completes the proof. □ 

4. Proof of Theorems 11.31 and 11.61 

In this section we will give proofs of Theorems 11.31 [TT51 and Corollarv ll.41 

Proposition 4.1. Let 7 be an n-component bottom tangle and 7' a bottom tangle 
obtained from j by a SL-move which is given by a string link u. Lf the Milnor 
numbers of 7 and 7' for non-repeated sequences with length < fc vanish, then we 
have the following: 
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(M7'(>5'j)-M 7('5'j))Xs 

g^g2k + l 

= 'y ' ^ fJ-u(J-is)Yj^^{Yi^ji — Yi^ii — Yiii^ + Yiii^)Yj^^ 

|J| = |/|=fe 

+ X/ i)^J-^{I^)^>‘u{lj){YIlJ - Yuj - Yjii + Yju). 

\J\=\i\=k 

Proof. We compare with the Magnus expansions of the jth longitudes of 7 and 
7 '. Denote respectively by ai,Xi (resp. a^jA') the ith meridian and ith longitude 
of 7 (resp. 7 ') for 1 < i < n. Let Ex (resp. Ey) be the Magnus expansion in 
non-commutative variables Xi ,..., Xn (resp. Yi,..., Yi) obtained by replacing at 
by 1 + Xi (resp. a' by 1 + Li) for 1 < i < n. By the assumption, the Minor numbers 
for 7 and 7 ' of degree k coincide, hence denote by 

Ex{Xj) = l+J2 + ^^(2) 

and 

Ey{X'^) = 1 + ^ M^(A)L/ + r'(Y) + Oy (2), 
iGSf 

where rj{X) and r'(Y) mean the terms of degree > fc + 1 and Ox(2) (resp. 
Oy{2)) denotes the terms which contain Xi (resp. Y^) at least 2 times for some 
i{= l,2,...,n). Let fj{X) = ^ fJ,j{Ij)Xi and fj{Y) = ^ fj.-y{Ij)Yi. 

Let Ui be the ith longitude of u and let f3i = [A',a'] = A'~ a'~ A'a', see Fig- 
ure ld.QI Let Ez be the Magnus expansion in non-commutative variables Yi,..., 
obtained by replacing /3i by 1 -I- Zi for 1 < i < n. Then we have 

Ez{ui) = 1 + 'y ^ fiu{l'i)Zi + 0 ( 2 ). 

First, we observe Ey{Pi) and Eyipti), where at is assumed to be an element of 
^i([ 0,1]3\7'). Since F;y(A;)F;y(Ar') = 1, set Fly(AC^) = l-/,(Y)+7'(Y)+Oy (2), 
where r((Y) is the terms of degree > fc -|- 1. Observe that 

Ey{Pi) 

= EY{X'-^a'-^Wia\) 

= (1 - fi{Y) + r[{Y) + Oy(2))(l -Yi + Oy(2))(l + /,(Y) + r[{Y) + Oy(2))(l + Y) 

= 1 + /,(Y)Y-Y/i(Y) + 0(F + 2) + 0y(2) 

= 1 + ^ fij{Il)YiYi -YiJ2 hWYi + 0{k + 2) + Oy(2) 

I(^Sf I^Sf 

= 1 + ^ ^i-i{Il){Yn - Yu) + 0{k + 2) + Oy(2). 

lasf 

This implies that Eyiui) is obtained from Eziui) by substituting Zi for 

^ ^p{Il){Yn - Yu) + 0{k + 2) + Oy(2). 

lesf 

So we have 

EY{ui) = \ + Y,^lu{U) Y, ^i-i{Il){Yn-Yu)EO{kp2)pOY{2). 
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Let gi(Y) = ^ g^{Il){Yii — Yu). Then we have 

Eviu-^) = 1 - g^iY) + Oik + 2) + Oy(2). 

Since at = u~^aiui, we have 

Evio-i) 

= EYiu~^a'iUi) 

= (1 - g^iY) + Oik + 2) + Oy(2))(l + Yi)il + g^iY) + 0(fc + 2) + Oy(2)) 

= 1 + y, + Y,g,iY) - g,iY)Y, + 0(fc + 3) + C)y(2) 

= 1 + Yi + ^ ^ gui^i) ^ ^ g~<iiE)(XiIl ~ ^ill ~ ^Ili + ^/i) + oik + 3) + Oy(2). 
i¥=i les^ 

Now we consider the difference djiY) = EyiXj) — (1 + fj(X) + T’j^X) + C^y( 2 )). 

Since EyiXj) is obtained from ExiXj)i= l+fjiX)+rjiX)+Oxi‘2,)) by substituting 
Xi for 

^ k^uih) Y. djillKY^ii - Yui - Yiu + Yui) + Oik + 3) + Oy(2), 

all terms of degree < 2k of djiY) — Oy(2) vanish. The terms of degree 2fc + 1 in 
djiY) — Oy(2) is obtained from fjiY) by substituting Yi for 

Y. duili) 'Y diiI^)iYiii — Yiii — Yiii + Yui) 

*7^* /esf 

for some i € {1, 2,, n}. It follows that 
d,iY) - (Oy(2) + Oi2k + 2) + Oy,) 

= X] Y Yj<s (E E - Y,M - Yiu^ + Yiu,))Yj^^ 

JGS^ is&iJ} l^^is 

= E d'liJjifJ-'fill) E duilis)Yj^^iYiui - Yiji - Yjii^+YiiiJYj^^, 

\J\ = \I\=k 

where Oy^ means the terms which contain Yj at least one time. 

Finally, we observe the difference £'y(A' ) — (1 + fjiY) + VjiY) + Oy(2)). Since 
\'j = UjXjUj^ (where Xj is assumed to be an element of 7ri([0,1]^ \ 7 ')), we have 

EyiX)) 

= EyiUjXjUj 

= ! + (!+ gjiY))if,iY) + r,iY) + d,(y))(l - g,iY)) + 0(2fc + 2) + Oy(2) 

= 1 + f,iY) + r,iY) + d,iY) + g,iY)f,iY) - f,iY)g,iY) + 0(2fc + 2) + Oy (2). 

So we have 

F;y(A')-(i + /,(y) + r,(r) + Oy( 2 )) 

= djiY) + E g~yiJj)g-yiIl)g'uilj)iYiij -Yuj -Yjii+Yju) 

\J\=\I\=k 

+ 0 ( 2 fc + 2 ) + 0 y( 2 ) 

= 'y ] g-yiJj)g"riI^) y ] guilis)Yj^^{Yi^ii — Yiui — Yiii^ Y YuifjYj^^ 

|J| = |/|=fc isGfJ} 

jiieS^'‘+^ 

+ E diiJj)k‘iid^)l^uilj)iYnj — Yuj - Yjn + Yju) 

|j|=|j|=fc 

+ 0 ( 2 fc + 2 ) + 0 y( 2 ) + C>y^. 
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This completes the proof. □ 

Proof of Theorem \l.‘i\ By Lemma l2.ll any two disk/band surfaces and F'^ of an 
n-component clover link c are transformed into each other by the moves (a) and (b) 
in Figure [231 So two bottom tangles ^{Ff) and 7(F'c) transformed into each 
other by a SL-move. Since the both closures L{'j{Fc)) and L{'y{Ff)) are ambient 
isotopic to Ic and the hypothesis of Theorem 1 1.31 

for any sequence J with | J| < k. Since HuiPQ) is the ‘linking number’ of the pth 
component and the gth component of u, = Puiop) and the set 

{puipg) I u : a string link} = Z 

for any p and q. This and Proposition 33] give us the Thorem 11.31 □ 

In order to prove Corollary 11.41 and Theorem 11.61 we need the following lemma 
given in m- 

Lemma 4.2. [101 Lemma 4.1] Two n-clover links c and c' are edge-homotopic if 
and only if there exist disk/band surfaces F^ and Fc' of c and d respectively such 
that the two bottom tangles 7(^1=) and ^{Fc') are link-homotopic. 

Proof of Corollaru \1.41 Let c and d be n-clover links. We assume that they are 
edge-homotopic. By Lemma 14.21 there exist disk/band surfaces Fc and Fc' of c 
and d respectively such that ^{Fc) and ^{Fc') are link-homotopic. This implies 
that foi' auy non-repeated sequence / [7], [2]. On the other 

hand, by Theorem 11.31 the set iJc(2fc -I- 2, j) (resp. Tie'{2k -\- 2,j)) is obtained from 
the Milnor numbers of j{Fc) (resp. 'y{Fc’)) for Fc (resp. Fp). Hence we have 
Hc{2k + 2,j)=Hp{2k + 2,j). □ 

Proof of Theorem \1.6\ Suppose that two 4-clover links c and d are edge-homotopic. 
By Corollary 11.41 iLc(4,4) = Hc'{4,4){d^ 0). By Lemma 14.21 there exist disk/band 
surfaces Fc and Fp such that 'y{Fc) and j{Fp) are link-homotopic. This implies 
that the Milnor numbers of ^{Fc) and ^{Fp) are equal for any non-repeated se¬ 
quence H, 0- Since the Milnor numbers of length < 3 are always well-defined for 
clover links (see Remark [2.3L we have pdl) = Me'(7) for any non-repeated sequence 
/ with |/| < 3. 

Conversely if Hc{4,4)riHp{4, 4) d 0; then there exist disk/band surfaces Fc and 
Fp of c and d respectively such that 

M7(Fc)(5'4)X5 = fj.^(^p^,-){S4)Xs. 

In particular, 

I^7(^’c)( 1234) = /r.y(p-^,)(1234) and /r.y(p’^)(2I34) = (2134). 

According to the link-homotopy classification theorem for string links by N. Habeg- 
ger and X. S. Lin [2], for two 4-component string links (bottom tangles) that have 
common values of the Milnor numbers for non-repeated sequences with length < 3, 
they are link-homotopic if and only if their Milnor numbers for sequences 1234 and 
2134 coincide, see also m Theorem 4.3]. This together with the hypothesis implies 
that 'j{Fc) and "/{Fp) are link-homotopic. Therefore c and d are edge-homotopic 
by Lemma 14.21 This completes the proof. □ 
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